The super-sample tidal effect carries information on long-wavelength fluctuations that we cannot measure directly. It arises from the mode-coupling between short-wavelength and long-wavelength perturbations beyond a finite region of a galaxy survey and violates statistical isotropy of observed galaxy power spectra. In this paper, we propose the use of bipolar spherical harmonic (BipoSH) decomposition formalism to characterize statistically anisotropic power spectra. Using the BipoSH formalism, we perform a comprehensive study of the effect of the super-sample tides on measurements of other cosmological distortions such as the redshift-space distortion (RSD) and AlcockPaczyński (AP) effects by means of the Fisher information matrix formalism. We find that the BipoSH formalism can break parameter degeneracies among the super-sample tidal, RSD and AP effects, indicating that the super-sample tides have little impact on the measurements of the RSD and AP effects. We also show that the super-sample tides are detectable with an accuracy better than the ΛCDM prediction without impairing the accuracy of measurements of other anisotropies assuming a SPHEREx-like galaxy survey.
I. INTRODUCTION
The large-scale structure (LSS) of the Universe offers a powerful tool for measuring the cosmic expansion history of the Universe. As the LSS keeps information on the initial state of the Universe, its measurements can also be used to test the fundamental statistical properties of cosmic fluctuations predicted by inflation [1] [2] [3] . Given the great success of the SDSS III BOSS project [4] , various next-generation galaxy redshift surveys such as Prime Focus Spectrograph (PFS) [5] , Large Synoptic Survey Telescope (LSST) [6] , Dark Energy Spectroscopic Instrument (DESI) [7] and SpectroPhotometer for the History of the Universe, Epoch of Reionization, and Ices Explorer (SPHEREx) [8] are ongoing and planned. For interpreting upcoming unprecedentedly high-quality data correctly, it is of crucial importance to accurately model various non-linear corrections imprinted in the observed galaxy clustering: non-linear gravitational instabilities [9] , non-linear galaxy biases [10] and non-linear redshift-space distortions [11] .
The non-linear growth of the LSS produces the mode-coupling of different scales. The mode-coupling naturally predicts that long-wavelength fluctuations beyond a given survey region may affect the observed galaxy clustering within a finite survey region, which is known as the super-sample or super-survey effect [12] . We cannot directly measure these long-wavelength fluctuations (called as the super-sample or super-survey modes) in a finite volume survey. However, through the non-linear mode coupling between different Fourier modes, the super-sample modes change both the amplitude and the comoving scale of the short-wavelength fluctuations, which is known as the growth and dilation effect, respectively [13] [14] [15] .
The Effects of the super-sample modes on the real-space power spectrum have been extensively studied in Refs. [12, 13, [15] [16] [17] [18] [19] [20] . The uncertainty of the amplitude of the super-sample modes forces us to add the new term to the power spectrum covariance, dubbed as the super-sample covariance [12, 15, 19] . Physical effects of the super-sample modes originate from the second derivatives of large-scale gravitational potential, which can be decomposed into the trace (mean overdensity) part and the traceless (large-scale tidal field) one [18] . Thus, there are super-sample tidal components that are expected to be of the same order of magnitude as those of isotropic ones, whereas many of previous studies have focused mainly on the isotropic super-sample mode because the impact of super-sample tidal components on the real-space power spectrum vanishes after spherical averages.
An observed clustering pattern of galaxies is anisotropically distorted by the peculiar velocity of galaxies along the line-of-sight (LOS), known as the redshift-space distortions (RSD) [21] . An additional anisotropic signal arises due to the (mis)transformation from observed quantities into comoving distances. Converting an observed redshift and polar position on the sphere, (z, θ), into a radial and tangential comoving distance, (x , x ⊥ ), requires the use of the fiducial cosmological parameters; x = z/H(z) and x ⊥ = (1 + z)D A (z)θ. Then, if the assumed cosmological parameters differ from the underlying true cosmological parameters, an apparent anisotropic distortion along the LOS is induced, which is known as the Alcock-Paczyński (AP) effect [22] . Besides these well-known effects, the super-sample tidal modes also generate a new anisotropic signature in the redshift-space galaxy power spectrum [18, [23] [24] [25] . These similar effects tend to give rise to degeneracies in cosmological parameter estimation [23, 25] .
To break the parameter degeneracy, in the past few years people have started to use extra degrees of freedom of the observed galaxy power spectrum, i.e., violation of statistical isotropy. The super-sample tidal perturbation generates a preferred direction in a given local survey region and breaks statistical isotropy [18, [26] [27] [28] . The anisotropic distortion induced by the RSD and AP effects, where the statistical isotropy still holds, is characterized by an angle between the wave vector k and the LOS unit vectorn and thus can entirely be decomposed using the Legendre polynomials L (k ·n). In order to extract information on the breaking of statistical isotropy due to the super-sample tidal modes, Chiang and Slosar [25] proposed an expansion scheme of the three-dimensional power spectrum with spherical harmonics functions. The authors decomposed the k-dependence according to P (k,n) = m P m (k)Y m (k) after the LOS directionn is defined as a z-axis. Note that the m = 0 mode corresponds to the coefficient in the normal Legendre expansion scheme since Y 0 ∝ L . They found that the signals due to the RSD effect are confined to m = 0, while the tidal perturbation creates non-vanishing m = 0 modes. The authors further performed a Fisher matrix computation and showed that their decomposition formalism can break the degeneracy between the RSD effect and the super-sample tidal one except for its LOS component.
In this paper, we examine the distinguishability between the super-sample tidal effect and the other two ones (the RSD and AP effects) by employing a more general decomposition based on bipolar spherical harmonics (BipoSH) [29] . This was recently applied to probing primordial statistical anisotropy induced by some sort of vector inflation models [30] [31] [32] .
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Through this decomposition, statistically anisotropic signals are confined to the L = 0 BipoSH coefficients. We here follow the methodology developed in Ref. [30] , and, differently from Ref. [25] , we do not fixn to any specific direction. This treatment is reasonable for actual data analysis because it is impossible to determine a global LOS directionn in observed galaxy samples. In Ref. [31] , the BipoSH formalism was already applied to observed galaxy samples in order to constrain statistically anisotropic signals. There, the effects of observational systematics, e.g., artificial asymmetries due to specific survey geometry, were also decomposed and hence properly subtracted. The same data analysis pipeline will also be applicable to the measurements of the super-sample tidal modes.
Via the BipoSH decomposition of the redshift galaxy power spectrum, it is confirmed that only the super-sample tidal effect induces non-vanishing L = 2 coefficients. Moreover, using these BipoSH coefficients, we perform a Fisher matrix computation and forecast the detectability of relevant cosmological parameters. In the Fisher matrix, we include the contributions of not only the super-sample tidal and RSD effects but also the AP one, which was unconsidered in Ref. [25] , and find that the super-sample tidal effect has little impact on estimates of both the RSD and AP effects.
This paper is laid out as follows. In Section II, we review the effect of the super-sample modes on the galaxy power spectrum in redshift space and the formulation of the bipolar spherical harmonics (BipoSH) expansion. In Section III, we show the results of Fisher forecasts for the parameters which characterize the super-sample tides and other distortion parameters. We discuss some applications and conclude in Section IV. In Appendix A, we give the relations between the BipoSH expansion used in this paper and Legendre expansion, which usually used in the RSD analysis, and between the BipoSH expansion and the single spherical harmonic expansion used in Ref. [25] . In Appendix B, we provide the details of calculations of the BipoSH multipoles. Mathematical identities used for computations are summarized in Appendix C.
II. PRELIMINARIES
The primary goal of this paper is to investigate how the super-sample effect contaminates the RSD and AP effect on the observed galaxy power spectrum by using the full three-dimensional information. In Section II A we review the galaxy power spectrum including the super-sample effect at leading order. [23] . In Section II B, we explain the (BipoSH) decomposition formalism of the three-dimensional power spectrum. Then, we explicitly show the BipoSH coefficients for the redshift-space galaxy power spectrum with the full super-sample modes.
A. Effects of the super-sample modes on the observed power spectrum of galaxies in redshift space Since we observe galaxies within a finite survey region, the observed density fluctuation, δ obs , is represented as the convolution of the survey window function, W , and the true density fluctuation, δ:
where W (q) is the Fourier counterpart of the survey window function W (x). Note here that the observed density fluctuation has non-zero value even at k = 0 because of the survey window function. Throughout this paper, we refer to the k = 0 mode of δ obs (k) as the "large-scale overdensity", given by [12] 
Furthermore, it is convenient to define the large-scale tidal components as [18] 
whereq i ≡ q i /q with q = |q|, and δ K ij is the Kronecker delta. The expectation values of δ b and τ ij are zero: δ b = τ ij = 0. On the other hand, their variances can be computed as follows
where V is a survey volume, and P lin (q) is the linear matter power spectrum. In the second equality in Eq. (5), we assumed an isotropic window function, W (q) = W (q), for simplicity. As shown above, the window function picks up the longer-wavelength fluctuations than a typical scale of survey volume. Throughout this paper, we assume that a given survey volume is so large that the super-sample modes grow linearly, and therefore, |δ b |, |τ ij | 1. Although δ b and τ ij are related through τ ij = ∂ i ∂ j ∂ −2 δ b in real space, the values of τ ij cannot be inferred from δ b due to the non-local nature of a tidal field (suggested by the appearance of inverse Laplacian ∂ −2 , see Ref. [39, 40] for details). Then we have six independent degrees of freedom for the super-sample modes: one isotropic component δ b and five anisotropic components τ ij . Because the super-sample modes depend on the position and shape of specific surveys and we cannot predict these values for each survey, we need to vary these six components as free parameters in cosmological analyses, as will be studied in detail in Section III.
Power spectrum responses to the super-sample modes
These long-wavelength perturbations affect the small-scale clustering due to the nonlinear mode-coupling by gravity. In the presence of the super-sample modes, the galaxy power spectrum is modulated as [12, 18] 
where ∂P g (k, µ)/∂δ b and ∂P g (k,n)/∂τ ij are the responses of the galaxy power spectrum to the δ b and τ ij respectively, which represent the scale-dependent modulation to the observed power spectrum caused by the super-sample modes and µ is the cosine between the wave vector k and the line-of-sight (LOS)n. Notice that the response to the isotropic super-sample mode δ b can depend on only k and µ because it preserves the rotational symmetry around the observer. This mode-coupling between long-and short-wavelength modes is then characterized by the squeezed limit of the bispectrum [23, 24, 28] . In particular, the responses are related to the squeezed bispectrum [23] 
being the overdensity field of galaxies and δ m (k) being the overdensity field of matters.
As can be seen in Eq. (7), one can obtain the explicit form of the response functions from the squeezed bispectrum. Using the standard perturbation theory [9] , the tree-level squeezed bispectrum in redshift space is expressed as [23, 28] 
where the kernel functions [9]
are the mode-coupling kernels in redshift space with b 1 , b 2 , and b s 2 being bias parameters up to the second order, f being the growth rate, K ≡ k 1 + k 2 , µ k =k ·n and
By comparing terms in Eqs. (7) and (8), the response of the redshift-space galaxy power spectrum to the large-scale overdensity δ b is read off as [23, 25] 
and to the large-scale tides τ ij as [23, 25] 
where
In the limit f → 0, the above equations reduce to the real-space results [18, 26] . The expressions above formulate the physical effects of the super-sample modes on small-scale fluctuations. There are two types of the super-sample effects. First, the super-sample modes enhance or suppress the growth of the short-modes depending on the sign of the super-sample modes and directions of small-scale fluctuations: speeding up the growth in the denser region and slowing down in the less dense region. This growth effect corresponds to the terms with no derivatives. Second, the super-sample modes cause a dilation of the comoving scale since the local expansion history is altered by the super-sample modes. The mean density mode δ b generates an isotropic shift for all scales. On the other hand, the tidal modes τ ij cause an ellipsoidal expansion in a local region and this leads to an anisotropic shift which depends on the directions of both the LOS and the wave vector of the short-modes. This dilation effect is described by the derivative terms.
In particular, this dilation leaves a characteristic imprint on the baryon acoustic oscillation (BAO) feature in the power spectrum. Specifically, the isotropic super-sample mode shifts the observed BAO scale in an isotropic way, whereas the anisotropic super-sample modes shift in an anisotropic way. Neglecting the growth terms, we can rewrite the redshift-space galaxy power spectrum with responses as
where D(µ) and D ij (k,n) are the coefficients of the dilation term (k-derivative term) for δ b and τ ij respectively and
parameterizes the direction-dependent shift in the BAO peak. When there is no BAO peak shift, α = 1 holds. From this expression, one can easily see that the large-scale tides generate three-dimensionally anisotropic distortions in the BAO peak position, while the large-scale mean density causes only two-dimensional distortion.
Modulation of the mean galaxy overdensity
In the previous subsection, we implicitly assume that the overdensity field of galaxies is defined to the global (background) mean number density of galaxies. In a spectroscopic survey of galaxies, however, we measure the overdensity field defined to the "local" mean number density in the survey region. Because the super-sample modes behave like the background in the local survey area, these also make a difference between the "local" mean number densityn (1 + ∆ g ) with ∆ g being the mean galaxy overdensity in the specific survey due to the super-sample modes. In a galaxy redshift survey, therefore, the observed number density fluctuation of galaxies
] is related to that defined to the "global" mean density through n g (k) =n
In redshift space ∆ g is related to the super-survey modes,
at lowest order [24, 25] . This means that the observed power spectrum of galaxies is modulated as
After all, at leading order of the super-sample modes, the observed power spectrum of galaxies with the effects of the super-sample modes is expressed as
We use this power spectrum in the Fisher analysis.
B. The bipolar spherical harmonic expansion
The power spectrum which depends upon two directions,k andn, can be expressed by using the following coordinates,
In general, to get the multiple moments that have no angular dependence requires a four-multiple integration, which is the case for the BipoSH expansion as we will see in the next section. Note that the reason why we usually need only one-dimensional integral for the power spectrum multipoles in redshift space is that the usual RSD anisotropy still preserves the three-dimensionally rotational symmetry around the observer. In that case, the four-multiple integration reduces to one-dimensional integral thanks to the rotational symmetry. We here emphasis that, differently from Ref. [25] , throughout this paper, the LOS direction is not set to the global one although the local plane-parallel approximation is adopted.
Formalism of the bipolar spherical harmonic expansion
To capture the violation of the three-dimensional rotational symmetry, the three-dimensional power spectrum P s (k,n; δ b , τ ij ) in redshift space should be expanded using the bipolar spherical harmonic (BipoSH) basis X LM [30] ,
where the BipoSH basis is defined as [29] 
with the C LM m m being the Clebsch-Gordan coefficients and
m1 m2 m3 being the Wigner 3j symbol. The inverting translation is given by
owing to the orthogonal property of the X LM basis:
To relate the coefficients of the bipolar spherical harmonic expansion with those of usual Legendre expansion, let us introduce the reduced coefficients defined in Refs. [30, 31] 
and H L = 0 when + + L is odd. In our case, π LM vanishes for + + L = odd and hence P LM is sufficient to capture all information of three-dimensional power spectrum. The explicit relationships between the reduced coefficients P LM (k) and the usual Legendre coefficients P (k) and between P LM (k) and the coefficients obtained via the expansion scheme of Ref. [25] is present in Appendix A.
The advantages of employing the BipoSH expansion lies in the following two aspects: (1) The BipoSH can extract the full three-dimensional anisotropic power spectrum and (2) we need not set the LOS to the z-axis. The reason why the point (1) is important is that the RSD and AP distortions generate only two-dimensional asymmetry; i.e. anisotropic signature appears only about the LOS direction, characterized by the radial components of the wave vector,k =n, whereas the super-sample tidal effect sources the full three-dimensional asymmetry; i.e. anisotropic imprint appears not only about the LOS direction but also in the transverse plane, characterized by bothk and
To put the point (2) another way, the use of the BipoSH expansion requires the multiple LOS directions as implied by the integration of the LOS direction (see Eq. (27) ). In other words, the BipoSH expansion can be applied in an all-sky or wide-area survey. In fact, different LOS directions are essential to break the degeneracies between the super-sample tidal effect and other anisotropic effects. The point is that the RSD and AP distortion respect the rotational symmetry around the observer, whereas the super-sample tidal modes violate the rotational invariance.
To elucidate this point further, let us consider a simplified situation where we have two different LOS;n 1 = (1, 1, 1)/ √ 3 andn 2 = (−1, −1, 1)/ √ 3 (see Fig. 1 ). Under the local plane-parallel approximation, we observe the galaxy pairs on the tangential plane for each LOS (the red planes in Fig. 1 ). For bothn 1 andn 2 direction, we should measure the same power spectrum in the absence of τ ij because in that case anisotropy appeared in the power spectrum depends only µ = (k ·n), which is rotationally invariant around the observer. On the other hand, the terms with super-sample tidal modes violate this rotational symmetry. For example, let us consider the term of τ ijninj . This anisotropy appears with the form of 2(τ 12 + τ 13 + τ 23 )/3 forn 1 and 2(τ 12 − τ 13 − τ 23 )/3 forn 2 , which means that we would observe the power spectrum with the different radial distortion for each different LOS. The separation of P 00 and P 2M originates from this fact as we will see in the next subsection.
In summary, if one performs angler average in each tangential plane by which the two-dimensional power spectrum is obtained and setn =ẑ, only the information on the radial distortion is left, and the fact that τ ijn i 1n
obliges us to introduce different parameters which describe the super-sample tides for various LOS. On the other hand, since the BipoSH expansion captures the full three-dimensional power spectrum including the information of the distortion on the tangential planes and taking into account the non-parallel LOS, it is expected to alleviate the degeneracies between the super-sample tidal effect and other anisotropic effects. Notice that here τ 33 is no longer the LOS component of τ ij ; i.e. τ 33 = τ ijn inj , instead zz component in the coordinate the observer chooses; τ 33 = τ ijẑ iẑj .
BipoSH coefficients of the response functions
By making use of the BipoSH formalism, we can decompose Eq. (21) into the following reduced coefficients,
where P (k) is the well-known Legendre coefficients for the Kaiser formula [21] ,
We stress here that the isotropic signal is confined in the L = 0 modes (P 00 (k)) which do not suffer from the tidal mode and the L = 2 modes (P 2M (k)) successfully extracts the full five degrees of freedom of the super-sample tides. The explicit expressions of the BipoSH coefficients for the response to the super-sample density mode D (k) and tidal mode T (k) are given by
T 22 (k) = 32 49
T 44 (k) = 512 3773 + 16 49
T 64 (k) = 128 539
T 66 (k) = 32 363
Note that all other BipoSH coefficients are zero. Details of derivations of the above expressions are summarized in Appendix B.
In Fig. 2 we show the BipoSH multipole representation of the response functions for the super-sample tides, T (k), which are normalized by the matter power spectrum, i.e, has a dominant contribution in the signal-to-noise ratio, similar to the usual Legendre multipole case in which P 0 is more dominant than P 2 . The wiggly feature in the response function results from the BAO phase shift described by the dilation terms as explained in Section II A.
III. FISHER FORECASTS
In this section, we study the degeneracies between the super-sample tidal modes and other cosmological anisotropies and the possibility to detect the super-sample tidal modes based on the Fisher information matrix formalism.
A. Alcock-Paczynski effect
In a spectroscopic survey, we infer the three-dimensional distances of galaxies in the comoving coordinate from the angular and redshift separation (∆θ, ∆z). This transformation from (∆θ, ∆z) to (∆x ⊥ , ∆x ) requires the angular diameter distance D A (z) and the Hubble expansion rate H(z), which depend on the cosmological model we assume.
If the fiducial cosmological model we use differs from the underlying true cosmological model, the relation between the comoving true wave vector and observed wave vector is given by
where the quantities with subscript "true" refer to the underlying true values and the quantities with "obs" are obtained from the assumed fiducial cosmological model. Then the magnitude and line-of-sight (LOS) component of the comoving wave vector become
This leads to the observed power spectrum in redshift space,
which means that there appear the higher-order multipoles than = 4 if the fiducial cosmology does not match the underlying true cosmology. This geometrical distortion is called the Alcock-Paczynski effect. In general, the AP effect makes the galaxy clustering anisotropic even in the absence of the RSD. Notice that, however, the generated anisotropic signals are confined into the LOS direction and there is no anisotropic distortion in the plane perpendicular to the LOS due to the AP effect. In other words, the AP effect leaves the redshift-space power spectrum two-dimensional one, which still respects the three-dimensionally rotational symmetry around the observer. In terms of the BipoSH, the information content carried by the AP distortion can be completely captured by the L = 0 multipoles.
B. Fisher information matrix
We employ the Fisher matrix formalism in order to assess the correlations between the anisotropic signals that appear in the observed power spectrum of galaxies. In terms of the reduced BipoSH coefficient P LM 1 2 (k), the Fisher matrix is written as
where L is the likelihood and θ α is the α-th parameter of interest. The Cramér-Rao bound states that the minimum possible errors on parameter α, marginalized over all other parameters, are given by the square root of the diagonal components of the inverse of the Fisher matrix as
while the unmarginalized ones are given by ∆θ α = 1/ √ F αα . The cross-correlation coefficients c αβ are defined through
To give an expression of the covariance matrix for the reduced BipoSH coefficients P (k), we start from the covariance for the 3D redshift-space power spectrum of galaxies P s (k;n) in Gaussian limit,
where N k = 4πk 2 ∆kV /(2π) 3 is the number of modes with survey volume V and the interval between each Fourier mode ∆k and L J (x) is the Legendre polynomial. The Legendre coefficients with subscript (O) denote P
J≥5 (k) = 0 withn g being the local number density of galaxies. By making use of the formulas in Appendix C, the covariance above leads to the following expression of the covariance for the reduced BipoSH coefficients [30] ,
being the Wigner 6j symbol. The covariance matrix is therefore block-diagonalized for L, M and k. Further, the reality of the covariance means the matrix is also block-diagonalized for real part and imaginary part.
C. Results
In this paper, we use the following cosmological parameters that are consistent with the Planck 2018 results [41] : h = 0.6766, Ω c h 2 = 0.1193, Ω b h 2 = 0.0224, A s = 2.105 × 10 −9 and n s = 0.9665. We compute the Fisher matrix Eq. (54) for the following parameter set,
As a working example, we assume a SPHEREx-like survey where we set the fiducial values of the central redshift z = 0.8, the comoving survey volume V survey = 4.0 (Gpc/h) 3 , the mean number density of galaxiesn g = 4.0 × 10 −3 (h/Gpc) 3 , the linear bias b 1 = 1.5, the quadratic bias b 2 = 0.3, the tidal bias b s 2 = − 4 7 (b 1 − 1) = −0.29, and the linear growth rate f (z = 0.8) = 0.84 [8] . Here we consider a single redshift slice for simplicity, but our results can be trivially extended to include multiple redshift slice. Notice however that because the super-sample modes δ b (z i ) and τ ij (z i ) depend on the specific survey region one should treat the δ b (z i ) and τ ij (z i ) as independent variables for each redshift slice, unless one considers the super-sample modes that straddle multiple survey regions.
The two comments are in order. First, since the higher-order biases, b 2 and b s 2 , are only in the response functions at tree level calculation, then information is not sufficient to determine these higher-order biases. Therefore we employ 3σ Gaussian priors for b 2 and b s 2 with σ b2 = σ b s 2 = 1 in order to make the Fisher matrix invertible. Second, because the isotropic component of the super-sample modes δ b is to degenerate with the linear bias b 1 in spectroscopic surveys [17, 25] , we also add a 3σ Gaussian prior to δ b with σ b computed from Eq. (4) and focus on investigating the degeneracies and detectability of τ ij in this paper. Note however that it is possible to constrain δ b in lensing surveys where the global mean density is relevant [17] . the fundamental modes k F ∼ 2π/V 1/3 , and the maximum wavenumber k max = 0.2 h/Mpc. We only present the results of τ 33 because the results are identical for τ 11 , τ 12 , τ 13 , and τ 23 in the BipoSH expansion. For comparison of the BipoSH expansion with the Legendre expansion, both expansion scheme cases are plotted. We use Eq. (A2)-(A5) as the Legendre multipoles. Fig. 3 clearly demonstrates the power of the BipoSH expansion compared with the Legendre expansion. Using the Legendre coefficients, the super-sample tidal mode significantly degrades the constraints on other parameters while in the BipoSH expansion the super-sample tidal modes have little impact on the estimation of other parameters. More quantitatively, the absolute values of the cross-correlation coefficients between the τ 33 and other parameters β = {b 1 , f, D A , H}, c τ β , are less than O(0.1).
Mathematically this is a consequence of the following facts. First, in the BipoSH expansion f, D A and H are confined into the isotropic L = 0 BipoSH multipoles, P 00 , wheres the tidal signals τ ij are confined into the L = 2 BipoSH multipoles, P 2M . Second, the covariance for the BipoSH coefficients (Eq. (58)) is block diagonal for L. Then f, D A and H are constrained mainly from P 00 (k), to which τ ij do not contribute. On the other hand, in the Legendre expansion f, D A , H and τ 33 all appear in the same multipoles, P (k). Accordingly, changing the AP parameters, D A and H, leads to both the growth-like and dilation-like effect on the Legendre multipoles [42] , and changing the RSD parameter f mimics the growth effect due to the super-sample mode. Hence, these parameters degenerate with each other in the Legendre expansion.
The little correlation between τ ij and other distortion parameters suggests that the large-scale tides τ ij can be measured from the galaxy redshift-space power spectrum if using the BipoSH expansion, and therefore it is worthwhile to explore the possibility of whether a spectroscopic survey can detect τ ij when including higher k max . Fig. 4 shows the 1σ constraint on τ 33 as a function of k max . Again, the constraints on other super-sample tidal modes are equivalent, so we only present the τ 33 estimation. We find that the BipoSH expansion enables us to determine τ 33 with an accuracy better than the rms of τ 33 expected for ΛCDM model, simultaneously measuring the RSD and AP distortion, if P 20 (k) is included up to k max 0.3 h/Mpc.
Although the inclusion of high k max , in general, requires to accurately model the nonlinear effect, the nonlinear evolution cannot generate the azimuthal asymmetry about the LOS, and therefore P 2M (k). Hence, the fact that the appearance of P 2M (k) is a distinctive feature of τ ij allow us to use high k max value. In practice, the highest k max value we can use is limited by our knowledge of the response of the redshift-space power spectrum to the large-scale tides, ∂P (k,n)/∂τ ij , in the nonlinear regime where the perturbation theory breaks down. To know the form of ∂P (k,n)/∂τ ij in the nonlinear regime, we need to run the N -body simulation with the large-scale tidal field [20] , which is the similar method used for estimating the response for the mean density modulation, ∂P (k, µ)/∂δ b , called as the "separate universe simulation" [15, 17, [43] [44] [45] [46] . This is beyond the scope of this paper, so here we simply assume that the response function derived from the tree-level calculation of perturbation theory holds in the nonlinear regime, and this approximation could be suitable up to k = 0.3 h/Mpc [20] .
IV. CONCLUSIONS
In this paper, we, for the first time, have used the BipoSH decomposition formalism of the galaxy power spectrum to assess how the super-sample modes, δ b and τ ij , have the influence on the measurements of other cosmological distortions including the RSD and AP effects in an all-sky galaxy spectroscopic survey like the SPHEREx survey.
The super-sample tidal components, τ ij , degenerate with cosmological parameters of our interest such as the growth rate function f , the Hubble parameter H and the angular diameter distance D A [23] . To break the parameter degeneracy, it is essential to notice the fact that τ ij breaks the statistical isotropy of the observed galaxy power spectrum. The BipoSH formalism characterizes statistical anisotropic signals via a multipole index L in the BipoSH basis {Y (k) ⊗ Y (n)} LM , and non-zero L modes mean the presence of statistical anisotropy; in other words, we can single out only the statistical anisotropic signal by measuring the L = 0 mode. The super-sample tidal components result in the L = 2 mode, and we have shown the explicit expressions of all non-vanishing BipoSH components in Eqs. (31)- (33) and Eqs. (41)- (49).
To see how the BipoSH formalism works well in order to break the parameter degeneracy, we have performed the Fisher matrix computation. Assuming the SPHEREx-like survey, we have found that τ ij can be constrained with ∆τ ij O(10 −3 ) through the L = 2 mode measurement, and therefore, it has little impact on the estimation of the RSD and AP effect, whose signals are confined to the L = 0 mode. In other words, we could obtain information on super-survey modes beyond a finite survey region through the well-constrained τ ij . This enables unbiased estimations on f , H and D A . Finally, we summarize some possible applications of the method presented in this paper. The first one is to confirm the matter-radiation equality bump in the power spectrum that is predicted in the linear cosmological perturbation theory. Assuming that there is no decrease in the power spectrum at low k unlike the ΛCDM model, the super-sample tides predicted from Eq. (5) should become larger than the ΛCDM prediction. To put it the other way, a non-detection of such large tides can rule out the model that has no matter-radiation equality bump in the power spectrum. Related to this direction, the second one lies in exploring the large-scale anomaly such as the super-curvature fluctuation [47] and quintessential isocurvature [46] . To do so, we need to calibrate the response of small-scale perturbation to the large-scale fluctuation depending on each model. The final one is related to constraining anisotropic inflation models. Signals due to such models are also present in the L = 2 mode [30] [31] [32] and hence may be biased by the supersample tides. As has been done in this paper, the distinguishability should be examined for interpreting observational constraints precisely. We leave these for future works.
Relationship between the BipoSH and the Legendre expansion
The relationship between the BoPoSH and the usual Legendre expansion with the line-of-sightn settingẑ is
where we used Y m (ẑ) = (2 + 1)/(4π)δ m0 . Notice that the summation of L and is limited by the Wigner 3j symbol L 0 0 0 . For instance,
This reproduces the result presented in Appendix of Ref. [23] .
Relationship between the BipoSH and the single spherical harmonic expansion
In Ref. [25] , the authors defined the spherical multipole expansion,
The transformation from the BipoSH expansion to the spherical multipole expansion is
Appendix B: BipoSH coefficients for the super-samle modes
In this appendix, we provide how to derive the explicit expressions of the BipoSH coefficients for the responses to the super-sample modes.
Calculation of the BipoSH coefficients
In this subsection, we provide a derivation of each BipoSH coefficient for each type of the anisotropic terms.
a. BipoSH coefficients from (k ·n) λ terms
For later convenience, we decompose (k ·n) λ into the spherical harmonic basis as
with Θ λ≥n ≡ 1 : λ ≥ n 0 : λ < n being the step function. Then, the BipoSH coefficients from (k ·n) λ terms are calculated as 
c. BipoSH coefficients from (k ·n) λ τijninj terms 
Appendix C: Useful identities
In this appendix, we summarize the useful properties of the spherical harmonics and the wigner symbols.
Spherical harmonics
The addition theorem of the spherical harmonics tells us that
where L (µ) is the -th Legendre polynominal. The orthogonality for the spherical harmonics are
The complex conjugate of the spherical harmonics becomes
A unit vector is written by the spherical harmonics [48] 
The angular momentum coupling implies
